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Creep Relaxation of Nonaxisymmetric Thermal
Stresses in Thick Walled Cylinders
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Thermal stresses in thick walled cylinders subjected to nonaxisymmetric thermal boundary conditions are
ascertained. Based on these initial stresses and the material’s creep property, time-dependent thermal stress
equations are derived. For the analysis, effective stress and strain rate and the power function creep law are used
in conjunction with the relaxation and equilibrium equations. Dimensionless stresses are plotted for one thermal
boundary condition. Parameters for several other thermal boundary conditions are provided so that they can be
extrapolated for other cases. A practical numerical procedure is presented that is applicable in most cases. In this
investigation, the material’s creep property is assumed to be 1) constant, and 2) temperature dependent. It has been
shown that the relaxation rate differs in the case of a vessel with temperature-dependent creep properties from

that with constant creep properties.

Nomenclature

= inside radius of cylinder

= constant depending on thermal boundary condition

= outside radius of cylinder

= material’s creep property

= constant depending on thermal boundary condition

= elastic modus

thermal conductivity

material’s creep property

material’s creep constants for temperature dependent
creep property

= heat flow rate per unit surface area

radius

time

= time parameter

= temperature

temperature atr = band —ff < ¢ < +f

temperature atr =band f< p <m, —n<p < —f

inside temperature

thermal expansion coefficient

Poisson’s ratio

radial, tangential, and axial strains

strain rate

effective elastic strain

effective creep strain

g, 04,0, = radial, tangential, and axial stresses

6,,, Gy, 0., = original radial, tangential, and axial stresses

a¥ = effective stress
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Introduction

REEP and relaxation at elevated temperature is a common
design problem in many areas of engineering. The increasing
interest in high pressure and temperature in many applications
has called attention to creep properties of metals. High operating
temperature level is generally associated with high temperature
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gradients and thermal stresses, while at the same time reducing
the strength of material. Mechanical and thermal stresses con-
sidered in the design of structural components can become a
misleading factor when predicting the behavior and service life
of the component if one does not take into account the change
in stresses due to creep relaxation. Therefore, it becomes
necessary to analyze the mechanism of changes that take place,
with time, as the result of these stresses.

Cylindrical vessels are one of the common structural com-
ponents in many industrial applications. In most cases-—whether
the cylinder is used as a container or heating or cooling
reactor—the thermal boundary conditions are not axisymmetric,
therefore causing nonaxisymmetric thermal stresses in the vessel.
In this paper, the creep relaxation of nonaxisymmetric thermal
stresses in cylindrical vessels is analyzed and a numerical method
is presented that can be employed to predict the thermal stresses
in terms of time.

Nonaxisymmetric thermal stresses in cylinders have been
discussed by many investigators including Morozov and
Fridman,! Zudans, Yen, and Steigelmann? and Boley and
Weiner.? These stresses, particularly at high temperatures, result
in the creep process. The subject of creep at elevated temperatures
has been treated by Wahl,* Baily,® Rabatnov,® and McVetty,’
just to name a few. The effect of creep when the total strain (the
sum of elastic and creep strain) remains constant is to relax and
moderate the elastic strains and stresses. It would be more
realistic, and in critical cases necessary, to include the effect of
creep relaxation in the analysis of stresses.

Uniaxial stress relaxation is discussed by Nadai and Davis.®
Griffith and Marin® considered the stress relaxation under com-
bined state of stress and Sabbaghian'® applied the stress
relaxation principle to the case of multilayered cylinders.

Analysis of creep and stress relaxation under the combined
state of stress is usually of such a nature that a numerical
technique becomes useful. Mendelson!? has formulated a general
approach for the numerical solution of creep problems. Recently,
Sabbaghian and Eslami'? proposed a general numerical pro-
cedure for the solution of stress relaxation problems and applied
the method to the case of cylinders subjected to axisymmetric
thermal stresses. The research reported in this paper is an
extension of work done in Ref. 12. Here the method is applied
to nonaxisymmetric thermal stresses.
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Fig. 1  The thick X —.
walled cylinder.

Nonaxisymmetric Temperature Distribution
in Cylinders

Consider a cylinder with inside and outside radii a and b,
respectively, as shown in Fig. 1. Temperature is assumed to be
constant along the axis of cylinder and in a steady-state
condition. Furthermore, temperature at the inside surface of
cylinder T; is circumferentially uniform while part of the outside
surface of cylinder (— f§ < ¢ < f) is subjected to temperature T;
and the rest is subjected to T. The coordinate axes can always
be chosen in such a manner that the plane containing the line
X-X and the cylinder axis be a plane of symmetry for tempera-
ture field. In such a case only half of the cylinder needs to be
considered. Thus the Laplace equation

0% 100 1 220

ot ror  r?og?
in which 8 = T—T; is to be solved subjected to the boundary
conditions

=0 1)

0(a, ¢) = O<dp<m

00/0p =0 at ¢=0,a<r<bh

00/0p=0 at ¢p=masr<bh 2
(T-Ti=Ty  0<¢<f

06.¢) = { -Ti=T B<d<m

The general solution of Eq. (1)

8(r, ¢) = A,+ B, Inr + 3 [A;(r/aY + B,(r/a) *] cos Ap +
i

¥ [Ci(r/aY +D;(r/a)"*] sin Adp (3)

can be reduced, using the first three boundary conditions, to

r o0 r m r —m
0(r.¢) = B, ln; + ,..; Am[<5> - <Z> ]cos mp (4

Substituting the fourth boundary condition into Eq. (4) gives

b = b\™ [b\~
0(b, ) = B, ln; + ,.,; Am[<;> - (Z) ]cos mé (5

Using Ty, defined in Eq. (2), as the reference for 6(b, ¢) and
then normalizing 6 through division by (T,'—Ty'), Eq. (5)
results in

. _0(b,$)~T" B,In(bja)- T’
M e T
o Am b m b —-m
2l ) () Jeome @
where
, 0 0<o<p
G(b,q&)—{l p<dp<m @

To calculate the constants B, and A, one can take advantage

of the Fourier series. The Fourier expansion of a step function
defined by Eq. (7) is

: —f 2 & (=1

0b.¢)=—"+2Y

Fid m

MTm=1

sin m(n— f) cos m¢p (8)
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Comparing Egs. (6) and (8) in conjunction with the last
condition given in Eq. (2) yields

By = {(Ty— T)—(Ty— Ty)(B/m)} i (bfa) ©)
A-lysinmn—f)  T—T,
An = s bar—@a - 19

Substituting B, and A, into Eq. (4) and considering the
definition of 6, the equation of temperature distribution in
cylinder becomes

(BT =(B=To@m), v

T(r, )= b P
]n E
2(Tz —1Y"sin n(n— ) (r/ay"—(rja)™™
{3 m bar—pjay "

(an
Coefficients B, and A,, for several other thermal boundary
conditions are given in Table 1.
Initial Thermal Stresses in Cylinder

Thermal stresses due to axisymmetric part of the temperature
are
, Eo [1—a?/r* [ 1 ("
Ory= m[ﬂ . Trdr — z . Trdr
, Eq [1+d*/? (* 1 (?
0'4,0 = m{ﬂ . Trdr +r7 . Trdr—T
Where upon substitution of axisymmetric part of temperature,

the first two terms in Eq. (11), and integration, considering the
stresses at the boundaries, o, = 0 at r = a and b, one obtains

o, = EaB, b? 1 a: In b I’
T 21—v)| b2 —a? rr) a a

/ EaB, b? 1—{~a—2 lnb In’ —1 13)
%0 = 231 w)| B ) e a

T, = 0

(12)

The only term in nonaxisymmetric part of temperature
distribution that contribute to thermal stresses is
(— 1Y"A(r/a)~™ cos m¢p with m = 1. Thermal stresses due to this
term are given in Ref. 1 as follows:

Ea r a? b?
Vo= {1 —= |1 ——)A
%ro 2(1—v)b2+az( r2>< r2> 1cos ¢

Eo r b +a®  a*b?
o=2(1_v)b2+az< T2 4 Ajcos¢p  (14)

Ea r a’ b*
" IT—5 N1 —=)Asi
Tréo = 201—v)b*+a® < r2>< r2> 1 sin ¢

The total initial stresses in cylinder are, therefore, sum of the
corresponding equations in Eqs. (13) and (14). That is

, ’
Ory = 0’0+GJ'O

"
[
¢ 4

Oy = Op,+ 04, (15)
Trpo = To 70

The initial axial stress o for an axially unrestricted cylinder
can be obtained from
G2y = Ory+ 0y, (16)
In Egs. (12-16) subscript “0” is used to indicate that these
stresses are at time equal zero. As time changes the stresses will
change due to material’s relaxation. Thus, the initial stresses are
completely defined in terms of coefficients B, and A; that
depend on thermal boundary conditions. Using the coefficient
given in Table 1 in conjunction with Eq. (4) and (13-16), one
can readily obtain the nonaxisymmetric temperature as well as
thermal stresses in a cylinder for the corresponding boundary
condition.
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Table 1 Coefficients for different thermal boundary conditions

Coefflicients B, and A4,, to be used in Egs. (4, 13, and 14)

Thermal boundary condition at r = b* B, Am
fm 0<¢p<§f B b 2b(qy — g2) (— V" sin m(n — )
1) Heatﬂowrateq—{q2 f<d<n |:(qz—¢h);—th}z ok B\
a + a
_T 2T, ~4(T,-T,
D Th =T + 2 D¢ O<d<n L+Th—2% TT) 357
b =@ -6
2In° min?| (=) — (=
a a a
_ _ 4(q; - ¢,
3)q=ql+u¢ O<dp<n —b(q2+qr) (qzmq ) —= m=1357...
* ol (& ()]
wkm* (=) +|—
a a
el Ty 0<¢<p B b ATy = TY[(= 1" cos m(z—B)—1]
4) T(b,¢)={_r B << [Tz— —E(TZ_T]):I/]H; e P\ -
2 ' | | (0 - ()]
g+ 220 0<¢p<p B b 2(g1 — g2)b (— )" cos m(z — f)— 1
5) B B<¢< [(42—41)%—112 % B o
" " g | (5 + ()
Ti T,— O<d<p TL+T,-2T; —4L~-T) cosmf
6) T(b.¢)=<Th + (¢ B B<dp<n-p — 2 ™ -
n—2p8 b m?n(n—2p) (b) (b)
T, n—f<¢<m 2In— o Bl
a a a
q: O<¢p<§
g2~ 42+4q1b Haz—q1)b cos mfi
Dg=qq:+ n_zﬂ((ﬁ_ﬁ) ﬁ<¢<7[_ﬂ 2 T n(ﬂ—2[f)km3 b\™ B ™
g2 n—f<¢p<m (;) +<g>

“ Other boundary conditions are same as those given by the first three conditions in Eq. (2).

Stress Relaxation

Whenever combined state of stress exist, the effective stress
and strain rate govern the creep process. They are defined, for
plane strain condition as

0 = o 0= 0 0= 04 02 0+ 61

( )1/2 (17)

gF = [ =207+ (8 — 82 + (8. — &p)* + 69,52} /2
For most apphcatlons, the steady-state creep strain is large
compared to the primary creep strain. Thus, neglecting the
transient creep, the steady-state creep relationship between effec-
tive stress and strain rate becomes
i* = Bo*" (18)
where B and n are material’s creep constants. For most
materials, B remains almost constant with change in temperature
while n is a temperature dependent parameter.
The effective elastic stress and strain, corresponding to those
in Eq. (17) for creep, are
0> = —5; (05— 06, +(0,—0)* +(0.— 04) +61,6>]"/*
(2) (19)

1/2
et = B s e e e e e 4 67 7]

Employing the elastic stress-strain equations and considering
that

0, = 0,410y (20)

the relationship between the effective elastic stress and strain
becomes

20+,
3E

*
e =

@n

During the process of creep relaxation the total effective
strain (sum of elastic and creep strains) at any point remains
constant with time, that is

£¥ =g ¥ +¢,* = const (22)
Differentiating Eq. (22) with respect to time, one obtains
(d/dtye,* = —&.* (23)
Substitution of Egs. (18) and (21) into Eq. (23) results in
21+v d
C " g*¥ = — Bg*"
3 E di° ’

n-!
'p =tEB(EaTy)

b/a=|5

n=2 =0~
tp=0
rro=1.2

30 60 80 120 50 180

Fig. 2 Variation of radial stress with time for n = 2.
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Fig. 3 Variation of tangential stress with time for n = 2.

or
do* 3 BE
=" 24
o*" 21+v @4
Now, integration of Eq. (24) in conjunction with the initial
condition

*=ao* at 1=0 25)
yields
3 1— 1/1—n
o* = |:O'()*(1 . 5 —’-1 +r:) EBtj| (26)

Substituting the first of Eqgs. (19) into (26), one obtains
(05— 6> +(0,— 6, +(0,— 04)* + 61,47 =
_ 2/1=n
2[00*“ o % ]1_4-—: EBt} (27)
Simultaneous solution of Eqs. (20) and (27) and the equilibrium
equations
oo, 1014 0,—0y _
or r % o
0t 100, 21, B
o r -55 -
provides the time dependent stresses o,, 0, 0., and T,,.
The analytical solution of the preceding equations is not an

easy task, particularly because n is a function of temperature. A
numerical solution has, therefore, been attempted and the

0

0

n-1
tp=tEB(EaTy)
bsa=1.5
05F /
n=2

rya=l.2

04F - r/a=l.4

T /EaTy

Fig. 4 Variation of shearing stress with time for n = 2.
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dimensionless results are plotted for the thermal boundary
conditions shown in Fig. 1. The numerical procedure, however,
is general and can be applied to any other creep relaxation
problem. The following is an outline of the numerical technique.

1) Equation (26) is rearranged as

t= *)(1-n) _ x(1-m] _ 7\ " "7 9

oo ’ ]3(1—n)EB (29)

and the solution region is divided into M and K sections in the
radial and tangential directions, respectively.

2) The original stresses o, , 6,,, 02, and 7,4 as well as the
original effective stress go* are calculated from Egs. (15) and
(16) and the first of Egs. (19) for the nodal points ij(i =
1,2,3,...,M+1,j=1,23,...K+1).

3) A relaxation factor C;; is assumed which at this stage is
taken to be equal for all nodal points, that is

Ci =C12="‘C1K+1 ="’CM+1K+1

4) All original tangential stresses o, calculated in step 2 are

reduced by C;; percent to obtain
0¢ij= O'¢0‘,j(1 _Cij) (30)

Using the second equilibrium equation in Eq. (28) and the
reduced tangential stresses o,;;, new values of shearing stresses
for all nodal points are calculated by an iteration method. These
new values of tangential and shearing stresses are then employed
in conjunction with the first equilibrium equation in Eq. (28)
and the boundary condition to obtain the radial stresses 6,;;.

Based on reduced o,; and 0g,;; using Eq. (20), the reduced
axial stresses o,;; are calculated. The reduced stresses are then
substituted into the first equation of Egs. (19) to obtain the
relaxed effective stress o;;* for each nodal point.

5) The time t;; required for effective stress at each point to
change from original, a¢;;*, to reduced value o;;* is calculated
from Eq. (29).

6) The times, t;;'s, are compared with t,, and if their differences
are greater than some d, a new value of C;; is calculated for that
point from

Cijpow = Cijog X (ty1/t:)
i=23.. . M+1, j=23..K+I 31
Then Steps 4-6 are repeated.

7) After obtaining ;s that all agree within the specified
accuracy &, the process is repeated for next increment of stress
drop.

The results obtained for b/a = 1.5, f =n/3, T; > T; > T, and
various values of n are plotted in Figs. 2-10. In these figures,
the actual time is replaced by a time parameter defined as

tp = (EaTd)”A IEBt;u‘tqu (32)

n-|
1p= tEB(EaTd)
b/a=LS
n=3

030 % 0% 20 150 180

Fig. 5 Variation of radial stress with time for n = 3.
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n-i
1p=tEB(EaTy)
.of b/e=l5

a2
1p=o_

Fig. 6 Variation of tangential stress with time for n = 3.

where

L=T-T
In all of these figures, the curves ¢, = 0 show the initial thermal
stresses.

If the material’s creep constant n is temperature dependent, n
can be represented as follows

nij = ny+n(Ty—T)/(Ti - To) (33)

where n; and n, are two positive constants. Using this tempera-
ture dependent n;;, instead of a constant, the same procedure
can be employed to calculate the relaxed thermal stresses. The
only difference being that of calculating n;s based on
temperatures at the nodal points, T;;, and using calculated n;;’s
in Eq. (29) at step 5.

Dimensionless results for temperature dependent n and,
bj/a= 1.5, B = n/3 are plotted in Figs. 11-16. In these figures,
since n varies from one point to another, a different time
parameter will have to be used. This time parameter is defined as

tp,= 104"~ 3EBt, 1a (34)

Discussion and Conclusion

The analytical solution of stress relaxation problems, involving
combined state of stress, is usually associated with the solution
of highly nonlinear and complicated partial differential

1o tEB(E ATyl
.05} b/a=LS

n=3

r/a=1.2
.04r ——----- r/a=1-4

f/Ede

Fig.7 Variation of shear stress with time for n = 3.
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n-I
1o = EB(E aTy)

bs/a=L5
Jd2F pe=g
fp=04

rs7a=l.2

————— - rsa=l.4

-0, /EaTy

077736 60 _ %0 120 150 180
Fig. 8 Variation of radial stress with time for n = 5.

equations. In the majority of cases, a closed form solution does
not exist. The numerical method presented in this paper is a
general approach that can be applied to other stress relaxation
problems. The method converges relatively fast, although rate of

N-
tp={EB(EaTy) !
1.0k bsa=15

-1.0- r/70=1.0 j0-
——————— r/a=1.5 tp=0-

Fig.9 Variation of tangential stress with time for n = 5.

n-
tp=tEB(EaTy)
05 b/a=.5
: n=S
r/a=1.2
o4t ~—————- r/a=1.4

t/EaTy

0 3660 90 120 180 180

Fig. 10 Variation of shear stress with time for n = 5.
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1p=10*""2 1EB tp=10" "3 1EB
A2k b/a=1.5 12k b/_o=|.5 .
=2 n,=0.l tp =01 M= g0l tp=0
JOF r/a=1.2 36 .ok r/azl.2 31—
—————— r/a=.4 -----~r/a=1.4 1-0—

.93

i A
30 60 90 120 150 180

Fig. 11 Variation of radial stress with time for temperature dependent
nn; =2, n, =0.1).

tp=10"" " 1EB
1.5F  b/e=L5
n =2 nZIOI
1. OF _tp =0=4

+93—

-1:0f 1/0:1.0 .36
------- r/a=l.5

fp =0

Fig. 12 Variation of tangential stress with time for temperature
dependent n (n; = 2,n=0.1).

t, =10 tEB
-05[ b/asl.5
n =2 ny=0.l
.04+ r/a=1.2
------- r/e=1.4

o 30 60 90 120 150 180

Fig. 13 Variation of shear stress with time for temperature dependent
n(ny =2,n, =01).

-0y /EaTy

0 30 860 °9b 20 B0 180

Fig. 14 Variation of radial stress with time for temperature dependent
n(n; =3,n, =01)

convergence depends on the magnitude of relaxation factor
C;j, selected in step 2.

Figures 3, 6, and 9 show the tangential stresses at inner and
outer boundaries for constant n’s. In these figures, it can be
seen that ¢, increases at the outside and decreases at the inside
of the cylinder as ¢ increases. This, of course, is expected
considering that T; > T; > T,. The steepest change takes place
at around ¢ = f§ where there is a discontinuity in temperature
on the outsidée boundary. It can be noted on the same figures
that the rate of relaxation is largest at ¢ = 7 simply because the
magnitude of stresses at that point are largest. A similar
conclusion can be drawn from Figs. 12 and 15 where they show
the tangential stresses for the case of temperature dependent
creep parameter n. A major difference that can be noticed between
Figs. 3 and 12 as well as between Figs. 6 and 15 is that in
Figs. 12 and 15 the rate of relaxation at the inner boundary
(r/a = 1) is greater than that of outer boundary (r/a = 1.5). This
is due to the fact that temperature at the inside is larger than
the outside and since n = n(T), it would have a larger value as
r approaches «, therefore causing a greater rate of relaxation.

Figures 2, 5, and 8 show radial stresses for constant n and
Figs. 11 and 14 show the same for temperature dependent n.
These radial stresses are plotted for radii other than inside and
outside, however, the same trends that were explained for
tangential stresses can also be observed here.

00—3—s0 90 10 150 o
=
-]
w -0.5E—
< N 2.1
b® el T
\\. (.0 -
AOF —— a0 T a
—————— -r/a=1l.5
=0 —|

Fig. 15 Variation of tangential stress with time for temperature
dependent 1 (1, = 3, n = 0.1).
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tp =10*" "21E8B
05 b/a=L.5
n=3 ny =0.1
=2
04t r/a
------- r/o=1.4
lox.]d
-
-
]
‘{‘ .02
[
0l}
0

3060 90 120 150 180

Fig. 16 Variation of shear stress with time for temperature dependent
n(n; = 3,n; =0.1).

The shearing stresses are plotted in Figs. 4, 7, 10, 13, and 16.
In these figures it can be seen that the shearing stress which
originally was symmetric about the axis ¢ = n/2, becomes un-
symmetric and its maximum tends to shift towards ¢ = f. The
original symmetry of shearing stress can probably be attributed
to the domination of the effect (T;— T3). But as stresses relax
with time the shearing effect of (7;— T,) become dominant,
thus causing the shift of shearing stress pick toward the point
¢ =p.

The importance of inclusion of stress relaxation in design
calculations becomes evident considering that when the cylinder
is pressurized internally, tangential stress due to pressure would
be tensile and maximum at the inside surface. Now if the inside
temperature is greater than the outside temperature, the com-
pressive tangential thermal stress will tend to reduce the intensity

AIAA JOURNAL

and effect of the former. While initially this favorable
phenomenon exist, one should exercise care in taking advantage
of this situation since thermal stresses relax with time but the
stresses due to pressure basically remain the same. Thus, the
stress at the inner surface of cylinder becomes more critical with
time.
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